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Abstract
In this paper, we discuss the Malmquist–Yosida-type theorem for the second-order
algebraic differential equations and partially proved a classic conjecture.
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1. Introduction
The Malmquist–Yosida-type theorem is to investigate when an algebraic
differential equation can be algebraically reduced into some standard forms if the
algebraic differential equation admits a transcendental meromorphic solution. For
ﬁrst-order algebraic differential equations, Malmquist [12] proved the following
theorem in 1913.
Theorem A. Let Rðz; f Þ be birational. If a differential equation of the form
f 0ðzÞ ¼ Rðz; f ðzÞÞ;
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admits a transcendental meromorphic solution, then the equation can be reduced into a
Riccati differential equation
f 0ðzÞ ¼ a0ðzÞ þ a1ðzÞf ðzÞ þ a2ðzÞf 2ðzÞ;
where aiðzÞði ¼ 0; 1; 2Þ are rational functions.
Malmquist’s proof was independent of the Nevanlinna theory. In 1933, Yosida [16]
proved the Malmquist’s theorem by using the Nevanlinna theory. In 1970s, Laine [7],
Yang [15] and Hille [6] generalized the Malmquist’s theorem into the case of Rðz; f Þ
rational in f with meromorphic coefﬁcients. Steinmetz [14] extended Theorem A into
the following result in his thesis:
Theorem B. Let Rðz; f Þ be birational. If the following differential equation
f 0ðzÞn ¼ Rðz; f ðzÞÞ;
admits a transcendental meromorphic solution, then the differential equation can be
reduced into
f 0ðzÞn ¼
X2n
i¼0
aiðzÞf ðzÞi;
where aiðzÞði ¼ 0; 1;y; 2nÞ are rational functions and at least one of them does not
vanish.
Theorem B was ﬁnally extended to the case of Rðz; f Þ rational with meromorphic
coefﬁcients by Rieth [13] and He–Laine [5]. Malmquist–Yosida-type theorems for
some second-order algebraic differential equations of special forms, for instance
f 00 ¼ Rðz; f Þ; has been obtained, see e.g. [8]. However, Malmquist–Yosida-type
theorem for an arbitrary second-order algebraic differential equation remains open.
For the second-order differential equations
f 00 ¼ Rðz; f ; f 0Þ; ð1Þ
where R is rational in z; f and f 0; a classical and yet unsolved conjecture is the
following:
Conjecture (Laine [8], p. 251). If Eq. (1) has a transcendental meromorphic solution,
then the equation can be reduced into the form
f 00 ¼ Lðz; f Þðf 0Þ2 þ Mðz; f Þf 0 þ Nðz; f Þ; ð2Þ
where L;M;N are rational functions in their arguments.
Liao–Yang [10] considered the growth of the meromorphic solutions of the
equations (2) and obtained the following results:
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Theorem C (Liao and Yang [10]). Let f be a solution of (2). Further assume that
Lðz; f Þc0 in Eq. (2) has the form
Lðz; f Þ ¼ Pðz; f Þ
Qðz; f Þ ¼
anðzÞf n þ an1ðzÞf n1 þ?þ asðzÞf s
bmðzÞf m þ bm1ðzÞf m1 þ?þ brðzÞf r;
where aiðzÞ; bjðzÞðspipn; rpjpmÞ are rational functions. If m  no1 or r  s > 1;
then rðf ÞoN:
Theorem D (Liao and Yang [10]). Let f be a transcendental entire solution of the
following equation:
f 00 ¼ Mðz; f Þf 0 þ Nðz; f Þ;
where Nðz; f Þ; Mðz; f Þ are polynomials in f with rational functions as the coefficients.
Then the order of f is a positive integral multiple of 1
2
:
Bergweiler [4] studied the growth of the meromorphic solution of the ﬁrst-order
algebraic differential equations, by using Zalcman’s lemma in Normal families. In
the same paper, he also discussed the growth of the meromorphic solutions of the
differential equations (2). Also, the growth estimates of meromorphic solutions of
certain classes of higher order differential equations were discussed and obtained by
Barsegian [1–3], by using arguments, which are quite different from Bergweiler’s. In
this paper, we shall partially prove the conjecture as follows.
Theorem. If the algebraic differential equation (1) admits a meromorphic solution f of
infinite order, then f satisfies a second-order algebraic differential equation of the form
f 00 ¼ L2ðz; f Þðf 0Þ2 þ L1ðz; f Þf 0 þ L0ðz; f Þ; ð3Þ
where Liðz; f Þði ¼ 0; 1; 2Þ are rational functions in z and f :
Remark. The meromorphic solutions of the equation of form (3) may be of ﬁnite
order or inﬁnite order. For example:
f 00 ¼ ðf 0Þ2 þ f 2  f  1;
admits the solution f ðzÞ ¼ sin z; and f ðzÞ ¼ eez satisﬁes the following algebraic
differential equation:
f 00 ¼ ðf
0Þ2
f
 f 0:
Open question: Under what forms or additional conditions on Liðz; f Þ in Eq. (3) can
assure that all the possible non-rational meromorphic solutions of the equation are of
finite order or infinite order, respectively?
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In this paper, we denote the spherical derivative of meromorphic function f
by f #ðzÞ;
f #ðzÞ ¼ jf
0ðzÞj
1þ jf ðzÞj2
and
Aðr; f Þ ¼ 1
p
Z Z
jzjpr
½f #ðzÞ	2 dx dy:
2. Main lemmas
The following lemmas will be needed in the proof of our result.
Lemma 1 (Zalcman [17]). Let F be a family of meromorphic functions on D: jzjo1
and a be a real number satisfying 1oao1: Then F is not normal in D iff there exist
(i) a number r; 0oro1;
(ii) a sequence points zk; jzkjor;
(iii) a positive sequence rk; rk-0 and
(iv) a sequence ff gnANCF; such that rakfkðzk þ rkzÞ-gðzÞ spherically uniformly on
compact subsets of C; where g is a non-constant meromorphic function. Specially,
one can choose wk and rk properly such that,
rkp
2
f
#
k ðwkÞ
1
1þjaj
; f #k ðwkÞXf #k ð0Þ:
Now following Makhmutov [11], Wp will denote the classes of meromorphic
functions
Wp ¼ ff ðzÞj %limjzj-þN jzj
2p
f #ðzÞoNg; ðpX1Þ:
Lemma 2 (Makhmutov [11]). A meromorphic function f ðzÞ on C is not in Wp; pX1; if
and only if there exist a sequence fzng with limn-Nzn ¼N and a sequence of positive
numbers feng with limn-Nen ¼ 0 such that gnðzÞ ¼ f ðzn þ enjznj2pzÞ converges
uniformly to a non-constant meromorphic function gðzÞ on compact subsets of C:
The following lemma was proved in [9], we repeat its proof here for the convenience
and interest of the reader.
Lemma 3. If fAWp; then rðf Þp2p  2:
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Proof. In fact, if fAWp; then we can ﬁnd a constant M such that
f #ðzÞpMjzjp2:
If p ¼ 1; then Aðr; f Þ ¼ 1p
R R
jzjpr½f #ðzÞ	2 dx dyp2M log r: Thus Tðr; f ÞpMðlog rÞ2;
and rðf Þ ¼ 0:
If p > 1; then
Aðr; f Þ ¼ 1
p
Z Z
jzjpr
½f #ðzÞ	2 dx dyp 2M
2p  2 r
2p2;
Tðr; f Þp 2Mð2p  2Þ2 r
2p2:
Lemma 4 (Makhmutov [11]). If for any five values a1; a2; a3; a4; a5A #C;
supfjzj2pf #ðzÞ; zAC; f ðzÞ ¼ ak; k ¼ 1; 2; 3; 4; 5goN;
then f ðzÞAWp; p > 1:
The following lemma seems to provide a useful and new tool in studying the growth
of solutions of differential equations in complex domain.
Lemma 5 (Barsegian [1–3]). Suppose w is a meromorphic function in C;
avð1pvpq; q > 4Þ are different complex constants, and cðrÞ is a monotonic decreasing
function on ½0;NÞ with cðrÞ-0 as r-N: Then there exists a set E of finite
logarithmic measure in ½0;NÞ; such that for every reE there exists a subset
fzjðanÞjn ¼ 1; 2;y; q; j ¼ 1; 2;y; n0ðr; anÞg
of the an-points of w in jzjpr such thatXq
n¼1
n0ðr; anÞXðq  4ÞAðrÞ  ojAðrÞj; r-N; reE; ð4Þ
jw0ðzjðanÞÞjXcðrÞA
1
2ðrÞr1; n ¼ 1; 2;y; q; j ¼ 0; 1; 2;y; n0ðr; anÞ;
reE: ð5Þ
Moreover, for any integer kX2 there exists a constant C ¼ Cðk; a1;y; aqÞoN such
that
jwðkÞðzjðanÞÞjpCjw0ðzjðanÞÞjk; n ¼ 1; 2;y; q; j ¼ 0; 1; 2;y; n0ðr; anÞ;
reE: ð6Þ
Inequalities (4) and (5) were proved in [1], inequality (6) was proved in [3] and the
present lemma is stated as in [2].
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3. Proof of the Theorem
Proof. Let
Rðz; f ; f 0Þ ¼ Lnðz; f Þðf
0Þn þ?þ L1ðz; f Þf 0 þ L0ðz; f Þ
Mmðz; f Þðf 0Þm þ?þ M1ðz; f Þf 0 þ M0ðz; f Þ;
where Liðz; f Þði ¼ 0; 1;y; nÞ;Mjðz; ; f Þðj ¼ 0; 1;y;mÞ are rational functions in z
and f : Assume that f does not satisfy the second-order algebraic differential
equation of the form
f 00 ¼ Lðz; f Þðf 0Þ2:
We ﬁrst prove m ¼ 0: In fact, to prove this, we assume, on the contrary that mX1
and based on this, we discuss three cases separately.
Case 1: n > m þ 2: Since rðf Þ ¼ þN; then there exists a sequence fzkgNk¼1 such
that
log f #ðzkÞ
log jzkj -þNðk-þNÞ: ð7Þ
This implies that the family ff ðzk þ zÞgkAN is not normal at zero. Then by Lemma 1,
there exist a sequence fbkg and a positive sequence frkg such that
jzk  bkjo1; rk-0;
and gkðzÞ ¼ f ðbk þ rkzÞ converges locally spherically uniformly to a non-constant
meromorphic function gðzÞ: Moreover rk and bk can be chosen so that
rkp
2
f #ðbkÞ
; f #ðbkÞXf #ðzkÞ:
It follows from this and (7) that for any positive constants e and M
lim
k-N
bMk r
e
k ¼ 0: ð8Þ
By replacing z by bk þ rkz in (1), we have
g00kðzÞ
r2k
¼
Lnðbk þ rkz; gkðzÞÞg
0
k
ðzÞn
rn
k
þ?þ L1ðbk þ rkz; gkðzÞÞ g
0
k
ðzÞ
rk
þ L0ðbk þ rkz; gkðzÞÞ
Mmðbk þ rkz; gkðzÞÞ g
0
k
ðzÞm
rm
k
þ?þ M1ðbk þ rkz; gkðzÞÞ g
0
k
ðzÞ
rk
þ M0ðbk þ rkz; gkðzÞÞ
:
We rewrite this
g0kðzÞn ¼
Mmðbk þ rkzÞ
Lnðbk þ rkz; gkðzÞÞ
rnm2k g
00
kðzÞg0kðzÞm þ oðrnm2k Þ:
Noting n > m þ 2; we can conclude from this and (8), by letting k-N; g0ðzÞ  0:
This is a contradiction.
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Case 2: n ¼ m þ 2: Now we assume that
Mmðz; f Þf 00  Lnðz; f Þðf 0Þ2c0;
Mm1ðz; f Þf 00  Ln1ðz; f Þðf 0Þ2c0:
Otherwise, nothing need to prove. Since rðf Þ ¼N; by Lemma 3, feWp; for any
p > 1: By Lemmas 4 and 5, for any positive constant l; we can choose cAC and a
sequence fzkgNk¼1; which tends to inﬁnity, such that
f ðzkÞ ¼ c; ð9Þ
jzkjl
jf 0ðzkÞj-0; ð10Þ
jf 00ðzkÞjpBjf 0ðzkÞj2; ð11Þ
Mmðzk; cÞf 00ðzkÞ  Lnðzk; cÞf 0ðzkÞ2a0; ð12Þ
Mm1ðzk; cÞf 00ðzkÞ  Ln1ðzk; cÞf 0ðzkÞ2a0: ð13Þ
Thus, we have
f 00ðzkÞ ¼ Lnðzk; cÞf
0ðzkÞn þ?þ L1ðzk; cÞf 0ðzkÞ þ L0ðzk; f Þ
Mmðzk; cÞf 0ðzkÞm þ?þ M1ðzk; cÞf 0ðzkÞ þ M0ðz; cÞ: ð14Þ
Specially, we can choose l such that
lim
k-N
Liðzk; cÞ
zlk
¼ 0; i ¼ 0; 1;y; n;
lim
k-N
Mjðzk; cÞ
zlk
¼ 0; j ¼ 0; 1;y;m:
Thus
lim
k-N
Liðzk; cÞ
f 0ðzkÞ ¼ 0; i ¼ 0; 1;y; n;
lim
k-N
Mjðzk; cÞ
f 0ðzkÞ ¼ 0; j ¼ 0; 1;y;m:
It follows from this and (14) that
lim
k-N
f 00ðzkÞ
f 0ðzkÞ2
¼ lim
k-N
Lnðzk; cÞ
Mmðzk; cÞ ¼ a:
By (11), we have aaN: Now we rewrite Eq. (14) into
ðMmðzk; cÞf 00ðzkÞ  Lnðzk; cÞf 0ðzkÞ2Þf 0ðzkÞm þ ðMm1ðzk; cÞf 00ðzkÞ
 Ln1ðzk; cÞf 0ðzkÞ2Þf 0ðzkÞm1 þ?þ ðM0ðzk; cÞf 00ðzkÞ
 L2ðzk; cÞf 0ðzkÞ2Þ þ L1ðzk; cÞf 0ðzkÞ þ L0ðzk; cÞ ¼ 0: ð15Þ
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Noting for some q > 0 that
jMpðzk; cÞ f
00ðzkÞ
f 0ðzkÞ2
 Lpþ2ðzk; cÞjprqk ðp ¼ 0; 1;y;mÞ
and
jLiðzk; cÞjprqk:
It follows from above estimates, (10) and (15) that
lim
k-N
ðMmðzk; cÞ f
00ðzkÞ
f 0ðzkÞ2
 Lnðzk; cÞÞ ¼ 0:
Hence, noting that Mmðzk; cÞ;Lnðzk; cÞ are rational functions, we have, for some
s > 0;
Mmðzk; cÞ f
00ðzkÞ
f 0ðzkÞ2
 Lnðzk; cÞ ¼ O 1
rsk
 
:
Similarly, we can obtain
lim
k-N
½ðMmðzk; cÞ f
00ðzkÞ
f 0ðzkÞ2
 Lnðzk; cÞÞf 0ðzkÞ þ Mm1ðzk; cÞ f
00ðzkÞ
f 0ðzkÞ2
 Ln1ðzk; cÞ ¼ 0
and
Mm1ðzk; cÞ f
00ðzkÞ
f 0ðzkÞ2
 Ln1ðzk; cÞ ¼ OðrtkÞ ðtAZÞ:
Thus we have
f 0ðzkÞ ¼ Oðrsþtk Þ: ð16Þ
Noting that s and t are only dependent of Ln;Ln1;Mm;Mm1; not on c; we can
choose l > s þ t: This contradicts with (10).
Case 3: nom þ 2: Let g ¼ 1
f
: Since rðf Þ ¼N; we have rðgÞ ¼N and
f 0 ¼ g
0
g2
; f 00 ¼ g
00
g2
þ 2 ðg
0Þ2
g3
:
Thus Eq. (1) is changed into the following form
g00 ¼ M
n
mðz; gÞg0mþ2 þ Lnnðz; gÞg0n þ?þ Ln0ðz; gÞ
gMnmðz; gÞg0m þ?þ Mn0 ðz; gÞ
:
This is case 2.
By combining the above three cases, we see that m must be zero. Hence Eq. (1) is
reduced into
f 00 ¼ Lnðz; f Þðf 0Þn þ Ln1ðz; f Þðf 0Þn1 þ?þ L0ðz; f Þ:
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If n > 2; then by similar argument with case 1, we obtain a contradiction. Hence
np2; i.e., Eq. (1) must reduce to
f 00 ¼ L2ðz; f Þðf 0Þ2 þ L1ðz; f Þf 0 þ L0ðz; f Þ:
This also completes the proof of the Theorem. &
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